General relativistic numerical simulations of magnetized accretion flows around black holes show accreting gas with chaotic motions at equatorial latitudes and coronae and outflows with chaotic magnetic field at higher latitudes. However, the same simulations also produce highly relativistic, Poynting-dominated jets that are nearly consistent with the stationary paraboloidal Blandford-Znajek model of an organized field threading the polar regions of a rotating black hole. How can a disordered accretion disk and corona lead to an ordered jet? We show that the accretion disk and corona, despite appearing very disordered, have a strikingly simple toroidal current distribution of the form dI φ /dr ∝ r −5/4 , where I φ (r) is the toroidal current enclosed inside radius r. We demonstrate that the poloidal magnetic field in the jet agrees well with the force-free field solution for a non-rotating equatorial current sheet with the r −5/4 current distribution, thus confirming a close causal relationship between the simple current seen in the numerically simulated disk and the ordered field in the jet. The r −5/4 current is associated with an r −5/4 dependence of the field strength in the disk, which is similar to the scaling assumed in two accretion/outflow models in the literature: the magnetohydrodynamic disk wind model of Blandford & Payne (1982) and the advection-dominated accretion flow model of Narayan & Yi (1995). However, the agreement is accidental since these models assume Newtonian gravity and equipartition between magnetic and gas pressure, neither of which is valid in the numerical model.
INTRODUCTION
Black hole accretion is one of the most powerful sources of energy in the universe. A substantial fraction of the gravitational binding energy of the accreting gas is released within tens of gravitational radii from the black hole, and this energy supplies the power for a variety of astrophysical systems including active galactic nuclei, X-ray binaries, and gammaray bursts. Elucidating the processes that take place in the central regions of black hole disks is obviously crucial if we wish to understand the physics of these energetic objects.
Magnetized, differentially-rotating accretion disks exhibit the magneto-rotational instability (MRI) and magnetohydrodynamic turbulence (Balbus & Hawley 1991 , 1998 , which generate large spatio-temporal variations in all fluid quantities and strong (anti-) correlations between fluid ⋆ E-mail: jmckinney@cfa.harvard.edu (JCM); narayan@cfa.harvard.edu (RN) quantities. Recent general relativistic magnetohydrodynamic (GRMHD) simulations of black hole accretion systems have begun to resolve these processes and have revealed a flow structure that can be decomposed into a disk, corona, disk wind, and highly magnetized polar region that contains a jet (De Villiers, Hawley, & Krolik 2003; . As expected, the simulations show complex time-dependent behavior in the disk, corona, and wind. Surprisingly, however, the polar regions of the flow are found to have a simple structure with a nearly force-free, time-steady Poynting-dominated jet Hawley & Krolik 2006; McKinney 2006c) . The numerical solution here is qualitatively consistent with the relativistic force-free model proposed by Blandford & Znajek (1977) , hereafter BZ.
The primary question this paper explores is the following: how can a turbulent accretion disk lead to a nearly stationary, collimated and ordered Poynting-dominated jet? Since by Maxwell's equations the toroidal current in the disk c 2006 RAS is the source of the poloidal field in the jet, the toroidal current must be simple, even though the flow appears complex and turbulent. Our first objective in this paper is to confirm this suspicion.
Our second objective is to check if either of the two magnetic field geometries described by BZ, viz., the splitmonopole and the paraboloidal geometries (originally discovered by Michel 1973 and Blandford 1976, respectively) , is a good description of the jets found in our GRMHD simulations. We find that neither model is satisfactory. Instead we identify a third model, in between the other two and close to the paraboloidal model, which agrees surprisingly well with the simulations as long as the jet is nearly forcefree.
The toroidal current in the split-monopole and paraboloidal solutions scale with radius as dI φ /dr ∝ r −2 , r −1 , respectively, whereas the current density in the GRMHD simulations is found to scale as r −5/4 . Interestingly, the latter scaling is identical to that proposed by Blandford & Payne (1982) (BP) , who developed a non-relativistic self-similar magnetohydrodynamic (MHD) model of disk winds. Our third objective in this paper is to establish how the disk magnetic field strength depends on radius and to determine whether the agreement between the GRMHD simulations and the BP model has a deep physical significance or is merely a coincidence. The answer appears to be the latter in the sense that the assumptions made by BP are broken near the black hole.
Finally, we wish to set the stage for our followup paper (McKinney & Narayan 2006) , in which we use the results of this paper to study idealized force-free models of black hole accretion. In that study, we replace the disk with an equatorial sheet with boundary conditions that specify the disk toroidal current and the disk angular velocity. Thus, our final objective in the present paper is to extract from the GRMHD simulations the mean angular velocity of the accreting gas and the magnetic field for use in our subsequent paper. This discussion is combined with the discussion about the toroidal current distribution in order to compactly summarize the primary results required for McKinney & Narayan (2006) .
PAPER OUTLINE
In section 2, we show that the currents in the turbulent accretion disk follow a simple power-law behavior, and we discuss the field angular velocity in the transition region between the accretion disk and black hole. In section 3 we study the GRMHD accretion flow in order to extract other electromagnetic properties, such as the magnetic field strength as a function of radius. We test the assumptions of BP against our GRMHD numerical models and study the electromagnetic stress that leads to an enhanced angular momentum transport near the black hole. In section 4 we discuss the limitations of our calculations. Finally, in section 5, we discuss our results and conclude.
In appendix A, we summarize the GRMHD equations of motion and point out the reduction to the force-free set of equations. In appendix B, we show how to obtain forcefree solutions in Schwarzschild and flat spacetimes for an arbitrary current sheet at the equator, and we discuss how the disk currents are integrated to obtain a toroidal current density as a function of radius. We also give three example solutions corresponding to the split-monopole, paraboloidal, and our new self-similar solution.
UNITS AND NOTATION
The units in this paper have GM = c = 1, which sets the scale of length (rg ≡ GM/c 2 ) and time (tg ≡ GM/c 3 ). The horizon is located at r = r+ ≡ rg(1 + 1 − (a/M ) 2 )). For a black hole with angular momentum J = aGM/c, a/M is the dimensionless Kerr parameter with −1 a/M 1. In order to obtain a density for a given mass accretion rate, one requires the field as a function of black hole spin given by GRMHD models such as described in McKinney (2005a McKinney ( ,b,c, 2006c . The mass scale is determined by setting the observed (model-dependent measured or inferred) mass accretion rate (Ṁ0) equal to the accretion rate through the black hole horizon as measured in a simulation. So the mass scale is set by the mass accretion rate (Ṁ0) at the horizon (r = r+ ≡ rg(1 + 1 − (a/M ) 2 )), such that ρ 0,disk ≡Ṁ0[r = r+]tg/r 3 g and the mass scale is then just
The results of the simulations can be applied to any astrophysical system once the value of ρ 0,disk is estimated. For example, a collapsar model withṀ = 0.1M⊙s
(MacFadyen & Woosley 1999). M87 has a mass accretion rate ofṀ ∼ 10 −2 M⊙ yr −1 and a black hole mass of M ≈ 3 × 10 9 M⊙ (Ho 1999; Reynolds et al. 1996) giving ρ 0,disk ∼ 10 −16 g cm −3 . GRS 1915+105 has a mass accretion rate ofṀ ∼ 7 × 10 −7 M⊙ yr −1 (Mirabel & Rodriguez 1994; Mirabel & Rodríguez 1999; Fender & Belloni 2004) with a mass of M ∼ 14M⊙ (Greiner et al. 2001) , but see Kaiser et al. (2004) . This gives ρ 0,disk ∼ 3 × 10 −4 g cm −3 . The notation follows Misner et al. (1973) and the signature of the metric is − + ++. Tensor components are given in a coordinate basis. The components of the tensors of interest are given by gµν for the metric, F µν for the Faraday tensor, * F µν for the dual of the Faraday, and T µν for the stress-energy tensor. The determinant of the metric is given by √ −g ≡ Det(gµν). The field angular frequency is ΩF ≡ Ftr/F rφ = F tθ /F θφ . The magnetic field can be written as B i = * F it . The poloidal magnetospheric structure is defined by the φ-component of the vector potential A φ . A stationary, axisymmetric current system is defined by the current density J and the enclosed (from the pole to some point) poloidal current (B φ ≡ * F φt ). The electromagnetic luminosity is L ≡ −2π θ dθT (EM ) r t r 2 sin θ. See Gammie et al. (2003a); McKinney (2005b McKinney ( ,c, 2006a for details on this standard notation. demonstrated that the electromagnetic structure and power output of a GRMHD accretion flow around a spinning black hole are simple in the polar regions while quite complex at larger angles from the spin axis. Figure 1 shows the time-averaged field geometry for the fiducial GRMHD model studied by these Figure 1 . Time-averaged poloidal magnetic field (solid black lines) for the fiducial GRMHD numerical model with a/M = 0.9375 studied by . Color shows the logarithm of the time-averaged rest-mass density (log ρ 0 ) from highest (red) to lowest (blue) densities. The black hole is located at (R, z) = (0, 0). Notice (i) the ordered, magnetized, low-density jet near the polar axis, (ii) the turbulent, disordered disk in the equatorial region, and (iii) the coronal region in between with only a weak disordered field.
GRMHD MODEL WITH ACCRETION DISK
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authors. The black hole has a spin of a/M = 0.9375, which is close to the equilibrium value of a/M ∼ 0.92 (Gammie, Shapiro, & McKinney 2004) . The polar region contains a well-ordered field whereas the disk appears to have a turbulent and disordered field Hirose et al. 2004; McKinney 2005a) . Between these two regions is the corona which, in a time-averaged sense, contains only weak disordered fields. In the figure, the field that appears to come from the disk does not reach large distances, whereas the organized field in the polar region reaches large radii (McKinney 2006c).
Power Output of Black Hole and Disk
We compare the electromagnetic power output of the black hole and the disk in the fiducial (a/M = 0.9375) model shown in Figure 1 . Our purpose is to demonstrate that the simple field geometry in the polar region is associated with a simple electromagnetic flux, while the disordered disk region is associated with a complicated electromagnetic flux.
Let us define the time-averaged angular density of the electromagnetic power output as
where −T (EM ) r t is the radial electromagnetic flux written in a suitable coordinate basis (either Boyer-Lindquist or Kerr-Schild coordinates). The time-averaging is performed over approximately 8 orbital periods at r = 10rg once the Figure 2 . The angular density of the electromagnetic power dP/dθ vs. θ in radians at four selected radii, r = {r + , r ISCO , 10rg , 40rg }, for the fiducial GRMHD model with a/M = 0.9375 described in . The thick solid line corresponds to r = 40rg, the outer radius of the computational domain for this simulation. Only the black hole electromagnetic power output survives at this distance, whereas the disk electromagnetic power output has been efficiently converted into other forms.
flow reaches a quasi-stationary, turbulent state. Figure 2 shows dP/dθ as a function of θ at four radii: the horizon at r = r+, the inner-most stable circular orbit (ISCO) at r = rISCO, r = 10rg, and r = 40rg. Notice how smooth and well-behaved the power is near the poles and how erratic and disordered it is away from the poles. Note further that the electromagnetic power near the poles remains undiminished out to the largest radius shown, whereas the power in the disk region decreases outward as it is efficiently converted into kinetic and thermal energy of the plasma. Thus, the polar jet has simple electromagnetic properties whereas the disk does not.
The total electromagnetic power at any radius r is given by Narayan (2006) , the power is normalized such that
where the field is in Gaussian units and is measured on the horizon at the poles at the final time of the simulation. At the horizon most of the electromagnetic power is that from the black hole. With increasing radius, electromagnetic power from the disk is added. However, this power is steadily converted into matter energy so that, by r = 40rg, most of it is no longer in electromagnetic form. This explains why the power at r = 40rg in Table 1 is not much larger than the power at r = r+. Table 1 also gives the Lorentz factor Γ of the jet far from the black hole, and the half-opening angle θj of the jet, defined as the angle at which dP/dθ is maximum. These results are from McKinney (2006c).
A Simple Current Distribution
Given the turbulence in the disk and the efficient conversion of electromagnetic power from the disk into material power, one might assume that the electromagnetic properties of the disk would be analytically intractable. This is certainly suggested by Figures 1 and 2 . We now show that the toroidal current in the GRMHD disk is strikingly simple. For stationary flows, the toroidal current directly leads to the poloidal field structure. Thus a simple toroidal current density would explain why the Poynting-dominated jet has a simple structure.
The current density (as given by equation (A11)) can be integrated to determine the net toroidal current enclosed within the volume between r0 and r. This invariant current is
where dΣµ ≡ ǫ µναβ t ν dr α dθ β , t µ = {1, 0, 0, 0} is the timelike Killing vector, and dI/dr is the toroidal current per unit radius. This gives
where √ −g ≈ r 2 sin θ far from the black hole. In the following we are particularly interested in models with a power-law dependence of the current density, i.e.,
We are motivated by the fact that the split-monopole and paraboloidal models both have currents of this form, with ν = 0 and 1, respectively. Example solutions are given in appendix B.
In calculating I φ (r), we integrate over all angles to capture currents that sometimes rise into the corona and to capture variations in the disk+corona thickness in time and as a function of radius. The polar regions contribute a negligible amount to the net toroidal current, which is mostly determined by currents within the disk. There is a small contribution from the corona and the edge between the corona and funnel. Note that for the models considered by , the disk+corona reaches a height-to-radius ratio of H/R ≈ 0.6-1, although the disk is slightly thinner near the horizon and slightly thicker beyond r ≈ 15rg.
The solid line in Figure 3 shows the enclosed toroidal current I φ (r) at a very early time (t ≈ 0tg) of the fiducial simulation described in . At this time, the system has hardly deviated from the initial conditions and there is very little accretion taking place. Correspondingly, the current has a fairly complicated dependence, which primarily reflects the particular initial conditions chosen for this simulation. Figure 4 shows the enclosed toroidal current at a later time (t = 1000tg) when the accretion flow is highly turbulent and has reached a quasi-steady state. We see that the current distribution has changed dramatically from its initial distribution. More importantly, the current profile looks smooth and simple. Figure 5 shows the enclosed current as time-averaged over the period t = 500tg to 1500tg (roughly a turbulent time scale at r = 40rg). The result is very simi- Figure 4 , except the enclosed toroidal current has been time-averaged over several turbulent dynamical times at r ∼ 10rg . Evidently, the simple ν = 3/4 power-law behavior for the toroidal current holds for both the time-averaged quasi-stationary turbulent state and at every moment in time once the turbulence has grown to saturation. lar to that shown in Figure 4 , except that the current looks even smoother because of the averaging.
In Figures 3-5, we show for comparison the enclosed currents corresponding to the split-monopole (ν = 0, dotted line) and paraboloidal (ν = 1, long-dashed line) models. It is clear that neither of these power-law models is a good representation of the enclosed current in the steady state GRMHD model. On the other hand, the short-dashed lines, which correspond to a power-law model with ν = 3/4, describe the quasi-stationary GRMHD results surprisingly well. This particular model is associated with a radial dependence of the current density of the form dI φ /dr ∝ r −5/4 .
A few interesting conclusions can be reached from these results: 1) The GRMHD model is nearly coincident with the ν = 3/4 model; 2) The GRMHD model is not consistent with the split-monopole or paraboloidal models; 3) despite the complicated nonlinear turbulence, the currents in the disk are simple not only on average, but at each moment in time.
The simple ν = 3/4 current distribution described above is entirely consistent with the smooth field distribution seen in the evacuated polar region in Figure 1 . It is also consistent with the fact that the Poynting-dominated jet is nearly stationary and nearly resembles BZ's paraboloidal solution McKinney 2006c) . Furthermore, the fact that the best fit is obtained for ν = 3/4 rather than ν = 1 explains why the large-scale field lines in the jet are nearly paraboloidal but somewhat less collimated in the GRMHD simulations (McKinney 2005c (McKinney , 2006c . Section 2.4 discusses this point further.
The above results are roughly independent of the initial field geometry assumed in the GRMHD simulations. considered different initial conditions such as multiple magnetic loops in the initial torus, a net vertical field, and loops of alternating poloidal direction. Once these simulations have reached a quasisteady state, each closely follows a power-law toroidal current density with ν = 3/4.
We also investigated the dependence of the toroidal current distribution on the black hole spin. Once again we find that, for all a/M ranging from −0.999 to +0.999, the toroidal current settles down to a ν = 3/4 power-law distribution once the flow reaches quasi-steady state.
How robust are these results to changes in the mass distribution and disk thickness? The fiducial model studied has an initial mass distribution of a hydrostatic equilibrium torus with a constant specific angular momentum such that H/R ∼ 0.3. An alternative initial mass distribution we tried has a quasi-equilibrium Keplerian disk with a Gaussian vertical mass distribution with H/R ∼ 0.3. Once the turbulence reaches the nonlinear phase, this alternative model also has a toroidal current closely matching the ν = 3/4 profile.
We have also studied a thin (i.e. small H/R) Keplerian disk with an initial Gaussian vertical distribution with an ad hoc cooling model to keep H/R ∼ 0.05, and we find that this model also obeys the ν = 3/4 toroidal current distribution. The only qualitative change is that there is a larger variance around the ν = 3/4 solution. However, the solution is still quite different from the monopole or paraboloidal solutions.
Turbulence leads to simple Field Angular Velocity
The existence of a simple toroidal current distribution that leads to an ordered poloidal field geometry suggests that other electromagnetic properties may also be simple. For stationary flows, the angular velocity of the field lines (ΩF ) is an important quantity that determines the toroidal field geometry. Also, a comparison of ΩF and the fluid angular velocity Ω can reveal how well-coupled the matter is to the field. In principle, large scale fields can develop in the disk and the plasma might slip arbitrarily along the field lines, leading to ΩF = Ω. However, if there is strong turbulence, it would lead to a significant random component to the field and the plasma would be unable to slip as much along the field. We investigate in this subsection the behavior of ΩF and Ω as a function of radius in the fiducial model of . First, we need to choose some method to space-and time-average ΩF in order to obtain its radial distribution. A poor choice would be to directly average ΩF ≡ E θ /B r itself because it is highly oscillatory and is undefined at positions where the radial component of the field B r momentarily vanishes. Thus, we consider the ratio of space-and volume-averaged quantities to obtain a mean angular velocity ΩF ≡ E θ / B r . For each radial shell this quantity is volume-averaged over a disk scale-height and time-averaged over approximately 8 orbital periods at r = 10rg once the flow has reached a quasi-stationary, turbulent state. An alternative time-averaging is performed using the absolute value of each composite quantity (|E θ | and Figure 6 shows the radial profiles of both forms of ΩF normalized by the local Keplerian angular velocity ΩK. Both methods of averaging ΩF lead to similar results. The plot also shows the angular velocity of the plasma per unit Keplerian (Ω/ΩK) and the angular velocity of the zero angular momentum observer (ZAMO) per unit Keplerian (ΩZAMO/ΩK). We use Boyer-Lindquist coordinates, with ΩK = 1/(r 3/2 +a). Note that ΩZAMO = ΩH = a/(2r+) on the horizon.
As Figure 6 shows, Ω ≈ ΩF ≈ ΩK over much of the disk for radii r 2r+. At these radii, there are no large-scale fields for the plasma to slip along, so that the plasma and field are locked together in a turbulent mixture. However, ΩF becomes somewhat sub-Keplerian near the horizon as the field lines become more ordered. Thus, while the plasma is forced to corotate with the black hole at the horizon, the field lines rotate slower with ΩF ΩH /2. As discussed in , this behavior for ΩF is consistent with the Gammie (1999) inflow model of the plunging region. For r 20rg, the angular velocities deviate from a simple behavior because the solution still depends on the initial conditions.
As in the case of the toroidal current distribution, the results described here for the angular velocity of the field lines and the plasma are quite robust and are independent of the assumed initial field geometry, mass distribution, or disk thickness. However, the black hole spin has a dramatic qualitative effect.
For spins from a = −0.999 to a = 0.999, all the models have the plasma locked to the field at large radii. However, close to the black hole there is a qualitative change in the Figure 6 . Angular frequencies of the plasma (< Ω >, solid line), the field ( Ω F , dotted line), the field using a different averaging procedure ( Ω F , short dashed line), and a ZAMO observer (Ω ZAMO , long-dashed line) for a GRMHD accretion disk simulation with a/M = 0.9375. All frequencies are plotted in units of the local Keplerian angular frequency (Ω K ) and shown in BoyerLindquist coordinates. Note that < Ω >= Ω ZAMO on the horizon, as required in Boyer-Lindquist coordinates. At large radii turbulence locks the field to the plasma, while at small radii the field rotation is locked to the spin of the black hole.
results around a/M ∼ 0.4. For a/M 0.4 we find that ΩF ≈ ΩK ≈ ΩH even at the horizon because the disk dominates over the black hole. However, for a/M 0.4 we find that ΩF ≈ ΩH /2 near the horizon as the black hole dominates over the disk. This transition at a/M ≈ 0.4 is consistent with the fact that there is a qualitative change in the energy output of a black hole-disk-jet system at a/M ≈ 0.36 (Li 2000; McKinney 2005a) , when the Keplerian angular velocity of gas at the ISCO is equal to the angular velocity of the black hole. It is also consistent with the fact that there is negligible (or negative) electromagnetic energy extracted from the black hole for spins a/M 0.4 for thick disks McKinney 2005a) . Since dP/dθ ∝ ΩF (ΩF −ΩH ) on the horizon, we expect dP/dθ ∼ 0 since ΩF ∼ ΩH when a/M 0.4.
Comparison between GRMHD field and ν = 3/4 force-free field
We have shown above that the toroidal current I φ and the field angular velocity ΩF in GRMHD simulations are wellbehaved and easy to model with physically plausible prescriptions. But does the force-free solution corresponding to these prescriptions give a field geometry similar to that seen in the funnel region of GRMHD numerical models? We provide here a partial answer to this question. We consider a simplified problem in which neither the black hole nor the disk rotates. We replace the disk with a current sheet with an enclosed current I φ (r) at the equatorial plane and we assume that the rest of the volume is filled with a force-free magnetic field. In Appendix B we describe how to obtain force-free solutions in Schwarzschild and flat spacetimes for an arbitrary current sheet at the equator, assuming that there is negligible rotation of field lines. In particular, we solve for the force-free field corresponding to a power-law current with index ν = 3/4. As we showed earlier, this particular index matches closely to the enclosed current in the GRMHD models. Figure 7 shows the field geometry from a timedependent GRMHD numerical model overlayed with the force-free field corresponding to ν = 3/4. We see that there is a reasonably good agreement between the two models in the funnel region, where the GRMHD solution is Poyntingdominated and force-free. The differences between the models are primarily due to (i) residual weak time-dependence in the GRMHD solution, and (ii) additional collimation in the inner regions of the jet due to either rotation (which is ignored in the force-free solution plotted here) or coronal pressure (see McKinney & Narayan 2006) . However, neither effect is significant and so the differences are small. In fact, the agreement between the GRMHD numerical models and the ν = 3/4 force-free model is found to be good out as far as r ∼ 10 3 rg in the large scale simulations of McKinney (2006c) . Beyond this radius the inertia of the matter becomes nonnegligible in the GRMHD model and the forcefree approximation is no longer applicable.
Although the overlay comparison shown in Figure 7 is impressive, we caution that the force-free field shown here is for the non-rotating case whereas the GRMHD solution corresponds to both a spinning black hole and a spinning disk. We discuss the effect of rotation on force-free solutions in McKinney & Narayan (2006) .
Summary of Results for Toroidal Current and ΩF
In summary, treating the accretion disk as a current sheet with a power-law current density dI φ /dr ∼ r −5/4 is an interesting simplification and reduction of the full GRMHD time-dependent model. The transition region between the accretion disk and the black hole is well-modelled by a field rotation frequency (ΩF ) locked to Keplerian at large radii and locked to roughly half the black hole angular frequency at small radii for a/M > 0.4. For a/M < 0.4, the field may be considered to be always locked to the plasma, since the black hole spin does not dominate the disk at any radius.
OTHER ELECTROMAGNETIC ACCRETION FLOW PROPERTIES
Since the toroidal current and field angular frequency within the accretion flow are simple, one expects that, despite the obvious turbulence in the disk, other electromagnetic properties are also simple. To check this we compute the spacetime average of the absolute magnitude of the field strengths. The volume-averaged value is found for each radial shell over the disk+corona, which includes all of the flow that has b 2 /ρ0 1 . As before, the time-average is computed over the turbulent period of accretion. The field strengths are given in Gaussian units and normalized by the rest-mass density within the disk as done in McKinney (2006c) , such that given an estimate of the density of the disk near the black hole or the mass accretion rate near the black hole one can convert to physical units. Figure 8 shows these field strengths as a function of radius; where for r 10rg the initial conditions still contribute to the solution and so the field there is not included in the fitting procedure.
For models with any black hole spin, we find that the radial dependence of the comoving field and toroidal strengths roughly follow
as found in McKinney (2005a) . Note that the magnetic pressure is b 2 /2. Since the toroidal field dominates within the disk, the value of the lab-frame toroidal field (Bφ) is similar in magnitude and follows a similar dependence except inside the ergosphere within r < 2rg where the coordinate effects of frame-dragging are strong for rapidly rotating black hole models. The angular field roughly follows
Thus the comoving, toroidal, and angular field nearly follow the r −5/4 power-law dependence, which is to be expected if the toroidal current density obeys dI/dr ∝ r −5/4 . Figure 8 . From above, the four solid lines correspond to the comoving field strength |b| and the three field components, Bφ, Br, Bθ for a GRMHD accretion disk simulation with a/M = 0.9375. The uppermost solid line is Bφ at small radii and |b| at large radii. The magnetic field strengths roughly follow power-law behaviors close to the black hole. The solution at r 10rg is still dependent on initial conditions, so this region is excluded from the fitting procedure.
The radial field roughly follows
This radial dependence is close to the monopolar scaling of r −2 , which is expected for a completely laminar flow where the mass inflow is confined to a constant H/R. This type of solution is similar to the model proposed by Gammie (1999) who described a solution such that within the plunging region the dimensionless radial magnetic flux
is a constant function of radius, where we have temporarily reintroduced GM and c, B r is in Gaussian units, and u r is the radial 4-velocity. Here we report that this parameter is nearly constant throughout the entire accretion flow out to r ∼ 40rg with a value ofF θφ ≈ 1.09,
which is the same as found by for the plunging region in GRMHD simulations. The constancy of this parameter is consistent with a disk containing a radial field that is nearly monopolar per unit mass flux, as envisioned in the Gammie inflow model. This behavior of the flow is consistent with the fact that the radial dependence of b 2 within the GRMHD plunging region follows the Gammie inflow solution . As described in , the thin disk Gammie solution does well to model the GRMHD flow apart from the lack of modelling the effects of pressure that lead to a non-zero radial velocity across the ISCO and the lack of a feature in the flow near the ISCO. In the Gammie (1999) model, ΩF is also constant along the radial field lines. As already pointed out in prior sections, this only approximately holds inside the ISCO for rapidly rotating black holes in the GRMHD numerical models. Outside the ISCO and for all radii for slowly rotating black holes, the turbulence drives ΩF → ΩK .
Equations (7-9) show that the toroidal field dominates the other field components within the disk. By comparison, within the electromagnetic jet where b 2 /ρ0 1, the toroidal and radial fields are comparable on the horizon (McKinney 2006c) . While the absolute magnitude of the radial field is nearly monopolar, the currents are consistent with a different power-law dependence. This apparent inconsistency is caused by the currents being driven by turbulence that drives strong correlations between various quantities. Thus the particular power-law found is sensitive to the space-time averaging procedure and thus these results must be interpreted carefully in lieu of these space-time correlations.
For example, a toroidal current density of the form r −5/4 implies for a stationary flow that the φ component of the vector potential scales as A φ ∝ r 3/4 (see appendix B6). This can be used to determine the radial magnetic field strength in Boyer-Lindquist coordinates for a/M = 0 and r ≫ 2M ,
As indicated, the GRMHD accretion flow field follows instead a more monopolar field, and this requires some explanation. The differential rotation and turbulence drives the radial field to form toroidal field, which keeps the toroidal field larger than the radial field. The residual monopolar radial field is advected into the black hole with negligible dissipation and mild magnetic buoyancy.
Comparison to the BP and ADAF Models
The r −5/4 power-law scaling for the electromagnetic field is of particular interest because it occurs rather naturally in certain self-similar models in the literature. Blandford & Payne (1982) (BP) developed a self-similar MHD wind model in which they assumed that the Alfvén speed at the equatorial plane scaled as the local Keplerian speed. Coupling this with the additional assumption that the density scales as ρ ∼ r −3/2 , they found that the magnetic field should scale as |b| ∝ r −5/4 , which is consistent with the GRMHD flow as given by equation (7). More recently, the same scaling was obtained also in advectiondominated accretion flow (ADAF) models (Narayan & Yi 1994 , 1995a . Under the assumption of self-similarity, ADAF models naturally give ρ ∼ r −3/2 and pressure p ∼ r −5/2 . Assuming equipartition between gas and magnetic pressure, one again finds |b| ∼ r −5/4 (Narayan & Yi 1995b). Why do GRMHD models give field and current density scalings similar to the BP and ADAF models? Both of these quasi-analytic models assume equipartition of some kindeither between the Alfvén speed and the Keplerian speed (BP) or between gas and magnetic pressure (ADAF). Here Figure 9 . Radial profiles of the plasma rotational speed (vφ, solid line), the magnetosonic speed (cms, dotted line), the sound speed (cs, short-dashed line), and the Alfvén speed (va, long-dashed line) for a GRMHD accretion disk simulation with a/M = 0.9375. All speeds are plotted in units of the Keplerian speed (v K ). The angular and Keplerian speeds are in Boyer-Lindquist coordinates, while the others are given in comoving coordinates. Note that the equipartition assumption, viz., va ∼ cs ∼ v K , is strongly violated. The solution at r 20rg is still dependent on initial conditions and is excluded from the analysis.
we check whether these assumptions hold in the GRMHD models. Figure 9 shows the plasma rotational speed, magnetosonic speed, sound speed, and Alfvén speed for the fiducial GRMHD numerical model. The general relativistic generalization of the Alfvén speed is given by
and the Keplerian speed is given by vK ≈ r r 3/2 + a .
Let us focus on the region interior to r ∼ 10rg, which has reached a quasi-steady-state (the region farther out is still sensitive to the initial conditions). Clearly, as Figure 9 shows, va is not simply related to either vK or cs. Thus, neither the BP nor ADAF assumptions are satisfied. This is perhaps not surprising since self-similar models assume a Newtonian gravity and so only apply far from the horizon. Figure 9 shows that the magnetic field dominates over the matter near the horizon, consistent with the results in De Villiers, Hawley, & Krolik (2003) and . In addition, McKinney (2005a) integrated quantities over a disk scale-height and found that within r ∼ 10rg, the lab-frame density scales as
instead of ρ0 ∝ r −3/2 as one would expect in the BP or ADAF model. The growth in the Alfvén speed is consistent with the fact that within r 10rg the rest-mass density is nearly constant and the gas pressure is small and quickly diminishes at larger radii, following
which implies that the enthalpy is small compared to the rest-mass density. An equally good fit has p ∝ r −1.5 . The comoving field energy is small compared to the rest-mass density, so that
for r 10rg. Interestingly, the de-correlated average
follows this dependence even more strictly than the direct space-time average of va. This shows that space-time correlations are mild between the various sources of pressure. We thus conclude that it is purely an accident that the field and the current in the GRMHD solutions scale exactly as in the BP and ADAF models. Clearly the fact that va ∝ r −5/4 and vK ∝ r −1/2 means that va ∼ vK is not held and so the BP/ADAF assumptions are violated in this region close to the black hole. This is found to be true for many models of the disk and a large range of black hole spins.
What enforces the disk to maintain a self-similar ν = 3/4 toroidal current density within the turbulent disk despite not following the BP/ADAF assumptions? The plunging region is approximately modelled by the Gammie inflow solution ). As mentioned above, some of the Gammie inflow assumptions apply outside the ISCO as well. For example, the GRMHD flow is also consistent with advection of the field without significant dissipation of the field energy in the disk. Thus, the turbulent flow may at some level be modelled by a one-dimensional, stationary GRMHD solution. This deserves further study.
Magnetic α parameter
One important feature of black hole space-times is the ISCO. Accretion flows without magnetic fields are often assumed to be free of dissipation and torques within the ISCO. It has long been understood that magnetic fields can drastically violate this assumption through the action of extended fields that generate torques across the ISCO even without dissipation.
Local shearing box simulations of a small section of the accretion flow have suggested that va ≈ 2 √ αcs, where α ∼ 0.01 − 0.1 is the usual dimensionless viscosity in standard accretion disk models (Hawley et al. 1995) . Global pseudoNewtonian simulations have shown that α rises sharply inside the ISCO (Hawley & Krolik 2001) . In our GRMHD simulations, the radial transport of angular momentum can be investigated by measuring the effective magnetic α
where φ µ = {0, 0, 0, 1} is the φ Killing vector associated with the axisymmetry of the system, b r is the comoving radial field strength, and bµ is the covariant comoving 4-field. This form of αmag is independent of the coordinate system for axisymmetric space-times. We choose P to be either the total pressure or just the magnetic pressure b 2 /2. From the highresolution fiducial model studied in , we compute the radial dependence of αmag, integrated over a disk scale height (H/R ≈ 0.3) and over the turbulent period of accretion. The angular integration is confined to the disk, so that the result is not influenced by the corona above the disk. The result is shown in Figure 10 . We see that αmag rises toward the horizon, which is consistent with the non-relativistic results of Hawley & Krolik (2001) . The large αmag is associated with a flux of angular momentum from inside the ISCO ).
The plot also shows the uncorrelated time-average of
where the brackets denote a time-average. This quantity is nearly constant within the entire flow, showing that temporal correlations between the quantities are significant. Since the value of α rises near the black hole, one might expect that the increased stress would be associated with an increased energy flux from the black hole and an associated increased luminosity from the disk near the ISCO compared to standard thin disk theory (Krolik 1999; Gammie 1999) . However, for these GRMHD models, which correspond to radiatively inefficient accretion flows (RIAFs), the energy per baryon accreted is similar to that for a thin disk with a fixed α and no torques inside the ISCO . Also, dissipation appears to be small inside the ISCO since the poloidal electromagnetic field follows a nearly monopolar dependence per unit mass flux, which is indicative of a field that is advected into the black hole with negligible dissipation as in the Gammie (1999) model. In summary, despite the accretion flow not being consistent with standard α-disk theory, the electromagnetic field remains simple. Despite the increased α through the ISCO and the presence of strong current sheets inside the ISCO, dissipation is small inside the ISCO and the flow is nearly consistent with field advection through a laminar flow.
LIMITATIONS
The primary limitation of the present study is that the numerical models are axisymmetric. A 3D model may show that ν = 3/4 is not generally chosen by the system. Comparisons between 2D and 3D GRMHD simulations have shown reasonable qualitative and quantitative consistency (De Villiers, Hawley, & Krolik 2003; . In particular, both show that the flow partitions into a disk, corona, disk wind, and magnetized funnel region. Both give similar accretion rates of energy and angular momentum per unit baryon. The primarily problem with axisymmetric simulations is that turbulence decays after some length of time. We avoid this problem by only making measurements during the turbulent period of accretion, so our results are unlikely to significantly change in 3D simulations.
In the regime where radiation determines the energy balance in the disk, and so determines the disk thickness, radiative cooling should make little difference to these results since models with disk thicknesses between H/R ∼ 0.05 to H/R ∼ 0.3 show the same behavior. However, radiative effects could also be dynamically important, such as through the photon bubble instability (Arons 1992; Gammie 1998) , and it is not clear what this might do to our results.
The particular field geometry accreted can significantly change the mass-loading of the Poynting-dominated jet. Accreting a more random field leads to a larger coronal region that can extend all the way to the poles around the black hole, and no Poynting-dominated jet would form unless the black hole spin were sufficiently large that the toroidal magnetic pressure exceeded the ram pressure of the coronal material. Preliminary models of Keplerian disks, with cooling to keep the thickness fixed, suggest that the accretion of an irregular field leads to no Poynting-jet formation for at least a/M 0.94 (McKinney & Gammie, in prep.) . Despite the absence of the Poynting-jet, the toroidal current within the disk is still well-modelled by the ν = 3/4 solution. In the tangled field case, the corona simply fills the region that would otherwise have been occupied by the Poynting-dominated jet.
All the models studied have disks that only extend out to r ∼ 40rg with a similar circularization radius. The results of this paper, such as the radial scalings, only directly apply within r 10rg where general relativistic effects of the space-time play an important role. The results found here may not hold far from the black hole. For example, αmag ≈ Const. ∼ 0.1 is expected far from the black hole. Also, while a more extended disk is not expected to affect the flow properties near the black hole, an extended disk may affect the Poynting-dominated jet at large radii. Future studies should investigate a more extended disk to model systems that have a large circularization radius.
DISCUSSION AND CONCLUSIONS
In this paper we have shown that GRMHD numerical simulations of magnetized accretion flows lead to a simple toroidal current density of the form dI φ /dr ∝ r −5/4 , even though the accretion disk, corona, and outflowing wind are highly turbulent and chaotic. We suggested that there is a causal connection between the simple current distribution and the ordered field that threads the black hole and forms the relativistic, Poynting-dominated jet seen in the same simulations. In support of this proposal, we showed that the poloidal field distribution in the jet is consistent with the force-free field solution for an r −5/4 current distribution in a non-rotating equatorial disk. The fact that we obtain good agreement even with a highly simplified non-rotating model suggests that rotation plays only a small role in the poloidal collimation of the jet. In the force-free current sheet model, the jet is confined by magnetic pressure on the outside and in the GRMHD numerical model the jet is confined by the magnetic and thermal pressure of the corona and wind (see Lynden-Bell 2006 for a discussion of pressure confinement). Future work should study by what mechanism the confining pressures in these two very distinct models end up so similar.
Because of the strong turbulence, at large radii the plasma and the magnetic field in the disk are locked together so that both rotate around the black hole at roughly the local Keplerian angular frequency (ΩK ). For r 3rg, the behavior of the plasma and field qualitatively changes and depends strongly on whether the black hole spin is larger or smaller than a/M ∼ 0.4. Near the horizon, the field angular velocity asymptotes to ΩF ≈ ΩH /2 for a/M 0.4, where ΩH is the angular frequency of the hole, and to ΩF ∼ ΩH for a/M 0.4.
Although the disk is turbulent, the average magnetic field strength in the disk varies smoothly as |b| ∝ r −5/4 , and the individual components of the field (Br, Bθ, and Bφ) also have simple power-law scalings. The scaling of |b| is similar to that assumed in the Blandford & Payne (1982) and ADAF (Narayan & Yi 1995b ) models, but we show that it is purely accidental. Those models assume Newtonian gravity and near equipartition between the gas and magnetic pressures. Gravity near the black hole is obviously not Newtonian, and the gas pressure and magnetic pressure in the GRMHD models are by no means in equipartition. Thus, the physical reason for the particular scaling of the field with radius is unclear. There is some resemblance to the inflow model of Gammie (1999) , but the construction of a simplified 1-D model is left for future work. The basic picture of the disk-jet coupling that emerges is that turbulence driven by the MRI leads to toroidal currents within the disk that in a force-free state would drive an organized poloidal field from the disk. However, turbulence dominates the accretion flow and large-scale modes lead to angular momentum transport that continuously advects equatorial field through the disk into the hole and transports field at higher latitudes to larger radii. This keeps the corona free of ordered fields while the disk-corona interface is a site for dissipation of disk field through reconnection. The energy from the dissipation and the magnetic stresses in the disk drive a hot coronal wind composed of low-angular momentum material (see also, e.g., Hawley & Krolik 2006) . The coronal wind is thus quite different from MHD models of disk winds (e.g., Blandford & Payne 1982) , and is more akin to a thermally driven wind.
The geometry of the accreted magnetic field plays a crucial role in controlling the production of the Poyntingdominated jet. Quite similar jets are obtained in GRMHD simulations that start from a variety of different initial configurations of the magnetic field: uniform vertical field, poloidal loop of magnetic field in the disk, multiple loops of alternating poloidal direction. Even though the latter two models have zero net vertical field, nevertheless, they end up with a net vertical flux through the black hole and jet. The mechanism by which this happens is described in Igumenshchev et al. (2003) in their discussion of Model B and in Narayan et al. (2003) . However, for models initialized with a mostly disorganized field, the Poynting-dominated jet is weaker or absent because mass continuously loads the polar region (this is discussed in detail in McKinney & Gammie, in preparation) . Despite the lack of a simple Poynting-dominated jet in such models, there is still a disk wind containing a disorganized field and the currents and field strengths within the disk still follow the same powerlaw dependencies.
Although we obtain good agreement between the magnetic field geometry in a simple force-free current sheet model and the poloidal magnetic field configuration in the Poynting-dominated jet in GRMHD models, we note that we have not solved for the toroidal structure of the field in the jet. Since our force-free model has no rotation, Bφ = 0 and so there is no Poynting flux. Also, the Lorentz factor cannot be estimated from our non-rotating force-free solution. To model these quantities we must consider force-free models in which the disk and field are rotating (e.g., with a Keplerian profile). It would be interesting to see how well simple rotating force-free models can reproduce the toroidal structure and acceleration of Poynting-dominated jets found in GRMHD simulations. This is the topic of a companion paper (McKinney & Narayan 2006) .
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APPENDIX A: EVOLUTION EQUATIONS
The GRMHD equations of motion are used to study magnetized accretion disks in the gravitational field of rapidly rotating black holes described by the Kerr metric using the HARM code (Gammie et al. 2003a ) with improvements described in McKinney (2006c); Noble et al. (2006) . The Kerr metric is written in Kerr-Schild coordinates, such that the inner-radial computational boundary can be placed inside the horizon and so out of causal contact with the flow. The Kerr metric in Kerr-Schild coordinates and the Jacobian transformation to Boyer-Lindquist coordinates are given in .
Boyer-Lindquist coordinates are not chosen because it is difficult to avoid interactions between the inner-radial computational boundary and the jet. The coordinate singularity at the event horizon in Boyer-Lindquist can be avoided by placing the inner-radial computational boundary outside the horizon. However, Poynting-dominated flows have waves that propagate outward even arbitrarily close to the event horizon. Using Boyer-Lindquist coordinates can lead to excessive variability in the jet since the ingoing superfast transition is not on the computational grid, and then the details of the boundary condition can significantly impact the jet. Numerical models of viscous flows have historically had related issues (see discussion in, e.g., McKinney & Gammie 2002) .
A1 GRMHD Equations of Motion
The GRMHD notation follows Misner et al. (1973) , hereafter MTW. A single-component MHD approximation is assumed such that particle number is conserved,
where ρ0 is the rest-mass density and u µ is the 4-velocity. A 4-velocity with a spatial drift is introduced that is unique by always being related to a physical observer for any spacetime and has well-behaved spatially interpolated values, which is useful for numerical schemes. This 4-velocity is
where γ = −u α ηα. The additional term represents the spatial drift of the zero angular momentum (ZAMO) frame defined to have a 4-velocity of ηµ = {−α, 0, 0, 0}, where α ≡ 1/ √ −g tt and so u t = γ/α. One can show that γ = (1+q 2 )
1/2 with q 2 ≡ gijũ iũj . For a magnetized plasma, the energy-momentum conservation equation is
where T µν is the stress-energy tensor, which can be split into a matter (MA) and electromagnetic (EM) part. In the fluid approximation
with a relativistic ideal gas pressure pg = (γ − 1)ug, where ug is the internal energy density and the projection tensor is P µν = g µν + u µ u ν , which projects any 4-vector into the comoving frame (i.e. P νµ uµ = 0). In terms of the Faraday (or electromagnetic field) tensor (F µν ),
which is written in Heaviside-Lorentz units such that a factor of 4π is absorbed into the definition of F µν , where the Gaussian unit value of the magnetic field is obtained by multiplying the Heaviside-Lorentz value by √ 4π. The induction equation is given by the space components of * ǫ µνκλ F κλ is the dual of the Faraday tensor (Maxwell tensor), and the time component gives the no-monopoles constraint. Here ǫ is the Levi-Civita tensor, where
[µνλδ] and [µνλδ] is the completely antisymmetric symbol. The comoving electric field is defined as
where η corresponds to a scalar resistivity for a comoving current density j µ = Jν P νµ . The comoving magnetic field is defined as
The ideal MHD approximation, η = e µ = 0, is assumed, and so the invariant e µ bµ = 0. Since the Lorentz acceleration on a particle is f µ l = qe µ , then this implies that the Lorentz force vanishes on a particle in the ideal MHD approximation. Since e ν uν = b ν uν = 0, they each have only 3 independent components. One can show that *
and
so that the electromagnetic part of the stress-energy tensor can be written as
The other Maxwell equations,
define the current density, J µ , but are not needed in the ideal MHD approximation for the evolution of the matter or the magnetic field.
For numerical simplicity, another set of field vectors are introduced, such that B i ≡ * 
and the magnetic induction equation becomes
where
is the EMF, and ǫ ijk is the spatial permutation tensor. The above set of equations are those that are solved. A more complete discussion of the relativistic MHD equations can be found in Anile (1989) .
A2 Stationary, Axisymmetric Constraints
We now write down the Faraday tensor in terms of a vector potential Aµ, where Fµν = Aν,µ−Aµ,ν. If the field is axisymmetric (∂ φ → 0) and stationary (∂t → 0), then evaluating the condition * F µν Fµν = 0 one finds that
It follows that one may write
where ΩF (r, θ) is an as-yet-unspecified function. It is usually interpreted as the "rotation frequency" of the electromagnetic field (this is Ferraro's law of isorotation; see e.g. Frank, King, & Raine 2002, §9 .7 in a nonrelativistic context). This can also be written as ΩF ≡ Ftr/F rφ ≡ F tθ /F θφ . As shown in , one can then write Fµν in terms of the three free functions ΩF , A φ , and B φ , the toroidal magnetic field:
with all other components zero. Written in this form, the electromagnetic field automatically satisfies Maxwell's source-free equations. Notice that A φ,θ = √ −gB r and A φ,r = − √ −gB θ .
APPENDIX B: REDUCING THE GRMHD SOLUTION TO A CURRENT SHEET
Once we have trivialized the full GRMHD accretion disk into a toroidal current sheet, then we can obtain the effective stationary, axisymmetric poloidal magnetic field from equation (A11). For an axisymmetric, stationary solution equation (A11) gives that
or in terms of the vector potential and ΩF , √ −gJ
In either Boyer-Lindquist or Kerr-Schild coordinates,
and for a current sheet,
(B5) This equation is an elliptic partial differential equation for r > 2M and is hyperbolic for r < 2M . The quantity K φ is the surface current density on the equatorial current sheet.
B1 Vacuum Solutions in Schwarzschild space-time
Equation (B5) can be solved to find the complementary solution by setting the quantity on the right to 0 everywhere except on the current sheet at θ = π/2 and assuming that the solution is separable such that
Since the PDE is second order, there are in general two free functions. The radial ordinary differential equation (ODE) can be written in closed form in terms of generalized hypergeometric function or solved numerically for M = 0. In the limit of x → ∞, one finds a complementary function of
where C0 and C1 are arbitrary constants and l −1/2. These are the standard spherical radial eigenfunctions. The angular complementary function can be written in terms of generalized hypergeometric functions or alternatively written in terms of the associated Legendre functions of the first (P ) and second (Q) kind, where
where D0 and D1 are different arbitrary constants and where l −1/2 are linearly independent (i.e. P µ −l−1 = P µ l ). This form is a mixture of two hypergeometric functions for each l (see, e.g., chpt. 8 in Abramowitz & Stegun 1972 and in Gradshteyn & Ryzhik 1994) . These functions are just one of the vector spherical harmonics.
B2 Constraints
This general solution is a sum of any coefficients for all l, but has no constraints to avoid divergences (e.g. monopoles or divergences in the physical field strength) on the coordinate singularities. The only constraint required is that F µν Fµν remains finite, where in Boyer-Lindquist coordinates with a/M = 0 and B φ = 0,
and so to avoid divergences at the polar axes one requires A φ ∝ θ 2+n + Const. for n 0. There is no requirement on the horizon and no constraint on divergence need be placed at r = 0 since it is a physical singularity.
The solution given by equation (B8) with sin(θ) multiplied by the associated Legendre functions of the first kind gives A φ ∝ θ 2 + O(θ 4 ) for any l, while the term with the second kind gives A φ ∝ Const. + O(θ 2 ) for all l. Hence, the only valid solutions are of the first kind with any radial solution, except for angular solutions combined with a radial function that does not depend on radius. The single nontrivial example of this exception is the monopole solution with l = −1 and C0 = D0 = 0 giving A φ = − cos θ. The remaining solutions require the first kind with D1 = 0. The monopole solution is only a result of the limit to the open set around l = −1 for C1 = 0 or l = 0 for C0 = 0 for the associated Legendre function of the first kind. This issue regarding the monopole solution can be considered a pathology of using the Legendre functions that is not manifested in the hypergeometric form of the solution, where l = 0 naturally generates the monopole and paraboloidal type solutions.
B3 Currents
The current density given by equation (A11) can be integrated to determine the net toroidal current enclosed within the volume between r0 and r, as given by equation 5. For a model with a current sheet located at θ = π/2 with
where K φ is the surface current density, then
For a general power-law toroidal current per unit radius with 
where r2 denotes some radius for which r0 < r < r2 and for which the enclosed toroidal current I φ,enc (r2) is known. If a/M = 0 and in spherical polar coordinates, then √ −g[θ =
π/2] = r 2 , so that if the toroidal surface current density is
B4 Split-Monopole Field
The split-monopole solution for a/M = 0 is a solution where the current sheet at θ = π/2 has
so that
which gives a total enclosed current of
where r0 < r are the inner-and outer-radial positions. The split-monopole has n = 1 and ν = 0.
The linearly independent particular solution for the split-monopole vector potential (for any M ) is A (split) µ = −C cos θφµ θ < π/2 +C cos θφµ θ > π/2,
where φ µ = {0, 0, 0, 1} is the φ Killing vector. The above gives that B θ = B φ = 0 and that
This solution has field lines that have an opening angle following θj ∝ r 0 .
B5 Blandford-Znajek Paraboloidal Field
The paraboloidal field solution for a/M = 0 is a solution where the current sheet at θ = π/2 has
so that dI φ,enc dr = C r .
Notice that the total enclosed toroidal current would diverge for a disk of infinite radial extent, i.e.,
where r0 < r are the inner-and outer-radial positions. The paraboloidal solution has n = 0 and ν = 1. The linearly independent particular solution for the Blandford-Znajek paraboloidal field vector potential is 
and B θ = + C tan(θ/2) 2r 2 θ < π/2
This solution has field lines that have an opening angle that at large radii approximately obeys θj ∝ r −0.5 .
B6 Constructing Current Sheets by Splicing Source-Free Solutions
While in general it is difficult to find A φ for arbitrary source functions, one can construct source functions corresponding to equatorial current sheets by splicing a single equatorially asymmetric vector potentials G(r, θ). Then the general solution with a current sheet is A φ (θ) = G(θ)(1 − H(θ − π/2)) + G(π − θ)H(θ − π/2), (B28) for either G in the range of 0 θ π/2 or π/2 θ π. First the simple a/M = M = 0 equations are considered. To construct a radial power-law current density of the form given by equation (B14) so that the source function is √ −gJ φ ∝ r ν−2 , the radial complementary or particular functions must satisfy
at large radii (r ≫ M ) as demonstrated by plugging this form of A φ into equation (B4). This means that one must choose either
with C0 = 0 and C1 = 0 or one must choose
with C1 = 0 and C0 = 0, where l −1/2. Hence, for ν > 1/2, only the second choice leads to a real solution. For ν < 1/2, only the first choice leads to a real solution. For ν = 1/2 both give l = −1/2. Thus, for fixed ν, there is a unique l that gives a single allowed R(r) ∝ r ν and Θ(θ). For example, for ν = 1 one has that l = 0, and then the most general solution for M = 0 is A φ = (c0 + c1r)(d1 + d2 cos θ),
which after forcing A φ ∝ θ 3−ν +Const. for ν 1 near θ = 0, one has that A φ = (c0 + c1r)(cos θ − 1),
which for c0 = 0 gives paraboloidal solution in the upper hemisphere, c1 = 0 gives the monopole solution, while combinations give a mixture of monopole and paraboloidal solutions. Another example is C0 = D1 = 0 and l = 1/2 giving a decollimating field geometry. The GRMHD numerical solutions are associated with models with ν = 3/4, for which one must choose l = −1/4 and C0 = 0. For the solution to satisfy regularity on the axis near θ = 0, one must set D0 = 0 and D1 = 0.
This solution is quite similar to the paraboloidal solution, but slightly less collimated, as expected. This solution has field lines that have an opening angle that approximately follows θj ∝ r −0.375 .
This force-free model is also used in McKinney & Narayan (2006) to find force-free solutions with arbitrary M and a/M using a general relativistic force-free electrodynamic code (McKinney 2006b).
